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Dynamics of Interface Displacement in Capillary Flow
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The dynamics of capillary flow has several practical applications in the indus-
try and has been extensively investigated. The main focuses in these studies are
the motion of the interface, especially near the three-phase contact line, and the
change of contact angle during the invasion process. In this work we present
several simulations results of capillary invasion in two- and three-dimensions,
using the Lattice–Boltzmann model based on field mediators. We investigate
the velocity field near the solid surface, the changes in the contact angle as a
consequence of the flow, and the boundary conditions that can be used in the
inlet and outlet of the capillary tube. In all simulations the diameter of tube is
made large enough to enable the evaluation of the contact angle directly from
the density field and the results of capillary rise are compared with a theoreti-
cal model based on the Bosanquet equation, which includes capillary, viscous,
inertial and gravitational effects.

KEY WORDS: Lattice–Boltzmann method (LBM); immiscible fluids; capillary
flow.

1. INTRODUCTION

Capillary invasion in small cavities is an important immiscible displace-
ment problem in several research areas, with growing economical and sci-
entific interest. In spite of several achievements,(1−7) the complete under-
standing of the problem remains to be achieved. The problem basically
consists in the immersion of a capillary tube inside a fluid at rest and
involves three phases: a wetting fluid, a non-wetting fluid, and a solid
surface. Depending on the wetting conditions, summarized by the con-
tact angle, the wetting fluid can invade the capillary, reaching an equilib-
rium height heq, or can be repelled, creating a depression in the region
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immersed. Due to its potentiality for simulating immiscible fluids, the
Lattice–Boltzmann method seems to be a valuable tool for studying this
phenomenon. In the following sections, after a brief review of capillary
flow (Section 2), a lattice–Boltzmann immiscible fluids model based on
field mediators is presented (Section 3). In Section 4, simulation results
and comparisons with theoretical predictions are presented. Section 4 has
three subsections, focusing the boundary conditions used, the 2D and the
3D simulations, respectively.

2. CAPILLARY INVASION

Lucas,(8) in 1918, and Washburn,(1) in 1921, were the first who descr-
ibed the dynamics of capillary rise. They considered the invasion as being
determined by a balance among capillary, gravitational and viscous forces.
Poiseuille profile was taken as the velocity profile. The Lucas–Washburn
equation has been confirmed by experimental data,(7) and is considered
as a valid approximation, although it fails to describe the initial stages
of the invasion since it does not consider the inertial effects, important
in the early beginning of the process.(5) Inertial effects were considered by
Bosanquet, who proposed an alternative approach to the Lucas–Washburn
model, in 1923. Another model was proposed by Szekely et al.,(2) includ-
ing the outside flow effects (entrance effects). Since the main intention in
this paper is to compare the Lattice–Boltzmann method with a theoret-
ical model and not with experimental results, entrance effects were not
considered in the present formulation. Therefore, in this work, LB results
are compared with the Bosanquet model, which was rewritten consider-
ing both fluids with the same density (ρR =ρB =ρ) and the same viscosity
(µR =µB =µ), giving,

d2h(t)

dt2
+ (D2 −1)µ

r2ρ

dh(t)

dt
= (D −1)σ cos θ

rρH
− gh(t)

H
, (1)

where D is the space dimension, D = 2 for parallel plates, and D = 3
for cylindrical capillaries and r is the capillary radius, Fig. 1. The other
parameters in Eq. (1), σ , θ , g and H are, respectively, interfacial tension,
contact angle, gravitational acceleration, and capillary length.

3. IMMISCIBLE LATTICE–BOLTZMANN

In this work, a lattice–Boltzmann model based on field mediators was
employed. The model is fully described in ref. 9 and some slight improve-
ments commented at the end of this section, were performed. Two particle
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Fig. 1. Measure of the contact angle θ .

distribution functions, Ri and Bi , are used to describe the immiscible flu-
ids r and b. Particles interaction is modeled by splitting the BGK collision
term, considering, separately, r − r and r − b collisions. A third distribu-
tion function – namely, the mediator’s distribution function Mi – is used
to model the long range interaction, carrying out neighborhood informa-
tion. The distribution functions are updated considering two steps:

(a) local step – involving the particles collision process and the emis-
sion/ annihilation of the field mediators;

(b) non-local step, i.e., the propagation step.

In what follows, X is the position vector and ci is a discrete velocity. In
the local step particle distributions are updated at each time step T by a
collision process:

R′
i =Ri +ωr R0

i (ρ
r ,ur )−Ri

τ rr
+ωb R0

i (ρ
r , �ϑb)−Ri

τm
, (2)

B ′
i =Bi +ωb B0

i (ρb,ub)−Bi

τbb
+ωr B0

i (ρb, �ϑr)−Bi

τm
, (3)

where

ρk =
bm∑

i=0

Ki , uk = 1
ρk

bm∑

i=1

Kici , (4)

are, respectively, the macroscopic density and the velocity of component k,
k = r, b. R0

i and B0
i are the equilibrium distributions. The ω’s are the mass

fractions, ωk =ρk/ρ. The ϑ ’s are the local velocities modified by the action
of mediators,

�ϑr =ur + Âum, �ϑb =ub − Âum (5)
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and

ûm =
∑

i Mici∣∣∑
i Mici

∣∣ . (6)

The mediator’s distribution are updated by an emission/annihilation step,
defined by

M ′
i =αMi +β

Ri

Ri +Bi

, (7)

where α and β are weights used for settling the interaction length.(9) The
propagation step is the only non-local step and is identical for all the
distributions,

Ki(X + ci , T +1)=K ′
i (X, T ), (8)

where K =R,B or M. The model described in this section differs from the
model previously proposed in Santos et al.(9) in two points:

(a) A single distribution function is used for describing the distribu-
tion of mediators, instead of two, as in the previous model. This mod-
ification can be considered as a computational improvement and does
not change the theoretical aspects of the model, since, in the previous
model, the mediators–particles interaction rules were, effectively, based on
the difference between the two distributions.

(b) The emission/annihilation step (see Eq. (7)) was previously writ-
ten Mr

i
′ =αMr

i +βwr . In our simulations, this change appears to decrease
the magnitude of the spurious currents, although a more detailed analysis
remains to be done.

4. COMPARISON BETWEEN THEORETICAL PREDICTIONS

AND SIMULATION RESULTS

All simulations were performed using the model described above, set-
ting τ rr =τbb =τm =1.0, A=0.4 and α=0, β =1, employing a D3Q19 lat-
tice (even in the 2D simulations). Both densities were put equal to unity,
ρr =ρb = 1, and the resulting viscosities and interfacial tension were νr =
νb = 1/6 and σ = 0.333, respectively. The contact angle θ was obtained



Dynamics of Interface Displacement in Capillary Flow 201

0 10000 20000 30000
0

100

200

300

400

500

600

700

800
(a)
(b)

Fig. 2. Boundary conditions (a) and (b), without gravity, H =800.

directly from the density fields by the position of the interface in two
points, h and hd (see Fig. 1), applying the expression:

cos θ = 2r (hd −h)

(hd −h)2 + (r −d)2
. (9)

A simple analytical solution of Eq. (1) can be obtained when g =0,

h(t)= (D −1)σ r cos θ

(D2 −1)2µ2H

{
r2ρ exp

[
− (D2 −1)µt

r2ρ

]
+ (D2 −1)µt − r2ρ

}
.

(10)

The solution above was used in comparison with simulations (Figs. 2
and 8).

4.1. Boundary Conditions

At the solid surface, bounce back boundary conditions for the parti-
cle distributions were imposed. The boundary conditions for the mediators
distribution try to modulate the interaction process between the solid and
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the fluid. The wettability, or the desired contact angle, can be obtained
by imposing, at each fluid site adjacent to a solid site, a constant value
Msolid

i for the mediator distribution along the directions i leading to the
fluid phase in the propagation step. This quantity determines the con-
tact angle, since it determines the interaction between solid and fluids. As
the mediator distribution carries the values of mass fraction, Mi ∈ [0,1],
when Msolid

i = 1/2 the contact angle will be θ = 90◦. When Msolid
i > 1/2,

fluid r will behave as the wetting fluid, and when Msolid
i < 1/2, fluid b

will behave as the wetting fluid. Nevertheless, the precise value of the
contact angle also depends on the relaxation parameters (τrr , τbb, τm).
Aiming to compare the simulations with the theoretical model presented
in Section 1, which do not consider entrance effects or the influence of
the flow outside the capillary, inlet and outlet boundary conditions were
imposed in the edges of the capillary, without a reservoir outside the cap-
illary as presented in ref. 6. Two boundary conditions were applied with
similar results: (a) null derivative condition in the direction of the flow were
obtained by imposing that sites in the entrance, h = 0, assume the veloc-
ity of the adjacent sites (h = 1), and analogous were done in the outlet;
(b) quasi-periodic boundary condition were applied by imposing that any r

fluid exiting in the one edge sites (say, the exit) reenters in the other edge
sites (the entrance), relabeled as b fluid. In case (a) the density were kept
constant and equal in both edges.

4.2. 2D Simulations

In Fig. 2, a comparison is made among the simulation results for a
channel length H = 800, using boundary conditions (a) and (b) with the
theoretical results given by the solution of Bosanquet equation, Eq. (10).
Theoretical results for boundary conditions (a) and (b) match very well,
but there is a 6.8% difference between the theoretical and simulated results
for the steady state interface velocity. The source of this discrepancy can
be attributed to the theoretical model itself, since it admits a parabolic
flow pattern along the capillary. The parabolic flow profile is not the true
velocity profile in capillary invasion, specially, near the interface. This can
be noticed in Fig. 3, where the velocity field in capillary flow is displayed.
In fact, the flow near the interface can be much more complicated, as
can be seen in Fig. 4a, where the streamlines corresponding to the sim-
ulations discussed above are shown. Flow is altered by spurious currents
(see ref. 9). For evaluating this influence, the same streamlines are shown,
in Fig. 4b, corresponding to an analogous simulation, but with the cap-
illary axis inclined in the lattice diagonal direction. In Fig. 4a, spurious
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Fig. 3. Velocity field in a capillary invasion.

Fig. 4. Stream lines near the interface in capillary invasions: (a) Stream lines correspond-
ing to the simulation presented in Fig. 3; (b) Stream lines corresponding to a simulation in
diagonal direction.

currents force the flow along the directions oriented toward the center of
the capillary and in Fig. 4b, flow is forced in the opposite directions. Nev-
ertheless, it is important to notice that spurious currents have no influ-
ence on the dynamic displacement of the interface, the flow outside the
transition layer being unaffected, in both cases. The discrepancy between
theoretical and simulated results can be reduced increasing the length of
the capillary, since, in this case, the influence of the interfacial flow on
the overall process is reduced. In a similar simulation, with H = 1200,
the disagreement decreases to 5.9% in the invasion velocity, comparing
theoretical and simulated results.

In Fig. 5 simulation results are presented and compared with theo-
retical results, obtained from Eq. (1), considering the influence of gravity,
with g =10−5 (in lattice units).



204 dos Santos et al.

Fig. 5. Capillary invasion using boundary condition(a), g =10−5, H =1200.

Since the theoretical models does not consider the dynamic depen-
dence of the contact angle with the capillary number, there is a discrepancy
between theoretical and simulated results (experimental results show simi-
lar discrepancies when compared with constant contact angle theoretical
models(3)). It is usual, in studies of capillary-rise dynamics, to consider
that the contact angle varies according to expression:

cos θd = cos θ −αCaβ, (11)

where θd is the dynamic contact angle, α and β are constants, and

Ca ≡ µ

σ

dh

dt
(12)

is the capillary number. In Fig. 6 it is shown the dependence of cos θd on
the capillary number obtained from LB simulations. The graph shows that
the expression given by Eq. (11) represents adequately the contact angle
dependence on Ca. It is seen that Eq. (11) fits very well with simulation
results when α =18.21 and β =0.88.
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Fig. 6. Dynamic contact angle as a function of the capillary number Ca.

4.3. 3D Simulations

A capillary invasion process in a cylindrical capillary was simulated
using the null derivative boundary condition in the inlet and outlet, as
explained above. Given the symmetries, only one quarter of the capillary
tube was effectively simulated (see Fig. 7), using specular reflection bound-
ary condition at the faces dividing the tube (faces A and B in Fig. 7).
The simulated results and the results given by the Bosanquet equation,
Eq. (10), are presented in Fig. 8. Although the 4.5% disagreement for the
steady state interface velocity is reduced, when compared to the 2D sim-
ulation results (6.8%), simulation, now, predicts a smaller interface veloc-
ity when compared to the theoretical model. This probably happens due
to the discretization effects in the 3D geometrical representation. In fact,
in its 3D representation the cylindrical solid surface is rough and has its
internal area increased.

5. CONCLUSION

The simulations and comparisons with theoretical predictions pre-
sented in this work indicate the potential of the Lattice Boltzmann
method in capillary invasion dynamic studies. Two boundary conditions
were investigated, showing similar results. The 3D simulations show the
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Fig. 7. One quarter of a cylindrical capillary, the faces A and B divide the tube.

Fig. 8. Invasion of a cylindrical capillary with null derivative boundary condition(a), g =0,
H =800, r =40.
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possibility of simplifications that can be achieved considering the symme-
tries of the problem. Comparisons with experimental results remain, yet,
to be done.
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